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1. INTRODUCTION
The problem of determining the p-modular decomposition matrix of the
symmetric group S appears to be difficult. In this paper, we shall exploitn
recent results of Kleshchev in order to relate certain decomposition
numbers of S to decomposition numbers of smaller symmetric groups.n
w xFirst, we recall some established results 4, 6 on the representation
Ž .theory of S . A partition l s l , l , . . . of n is a non-increasingn 1 2
sequence of non-negative integers l whose sum is n. Let p be a primei
number and let F be a field of characteristic p. Then for each partition l
of n there exists an F S -module Sl which is known as a Specht module.n
Ž .A partition m s m , m , . . . of n is p-regular if no non-zero part m1 2 i
occurs p or more times, and the irreducible F S -modules D m aren
indexed by the p-regular partitions m of n. Given F S -modules M andn 1
w mx mM , we write M : D for the composition multiplicity of D in M and2 1 1
w mx w mxwe write M l M if M : D s M : D for all the p-regular parti-1 2 1 2
tions m of n.
w l m xThe integers S : D are the p-modular decomposition numbers of
w l m xS , and no method is available, at present, for evaluating S : D , inn
general.
w m m xLet m be a p-regular partition of n. It is known that S : D s 1 and
w l m xS : D / 0 only if m 2 l, where 2 denotes the dominance order ony yw x w l m xthe partitions of n 4, 3.2 . In particular, S : D / 0 only if the number
of non-zero parts of m does not exceed the number of non-zero parts of l.
w l m xTherefore, to gain insight into the decomposition numbers S : D , it is
sensible to consider cases where l has few non-zero parts. The answers
w xare known when l has no more than two non-zero parts 2, 3 and this
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paper grew from an investigation of the case where l has exactly three
w x Žnon-zero parts 9 . This problem is different from that of finding the
composition multiplicities for Weyl modules W l where l has exactly three
.non-zero parts.
Our theorems express certain decomposition numbers for S in termsn
of decomposition numbers for smaller symmetric groups. Remarkably, we
can prove some of our results only by passing from S to a smallern
symmetric group, by way of a larger symmetric group.
w l m xWe apply our results to determine the decomposition numbers S : D
Ž .when l s l , l , l and l - p. For the sake of completeness, we1 2 3 3
w xrecord in an Appendix the results from 8 which are needed to compute
these decomposition numbers.
Some, but not all, of what we do can be applied in the more general
context of Hecke algebras of type A.
2. PRELIMINARY RESULTS
Ž .Let n s n , n , . . . be a partition. We identify n with its Young1 2
diagram
n s i , j g Z = Z : 1 F j F n . 4Ž . i
Ž .Ordered pairs of natural numbers are called nodes. Those nodes i, j with
Ž . Ž .first coordinate i form row i. We say that i , j is abo¤e i , j if i - i .1 1 2 2 1 2
Ž .The p-residue res A of a node A s i, j is defined to be the p-residue
class of j y i mod p. The p-content of the Young diagram n is defined to
be the p-tuple
cont n s c , c , . . . , c ,Ž . Ž .0 1 py1
where for all r, the integer c is equal to the number of nodes of p-residuer
r in n .
wThe theorem which is known as the Nakayama conjecture 6, 6.1.21,
x l m2.7.41 shows that for partitions l and m of n we have that S and S are
Ž . Ž .in the same block of F S if and only if cont l s cont m . Recall, too,n
that if m is p-regular, then D m and S m are in the same block. We may
therefore assign a p-content to each block of F S .n
Ž . Ž .A node i, n of n is a remo¤able node of n if n ) n , and i, n q 1i i iq1 i
is an addable node for n if i s 1 or i ) 1 and n ) n .iy1 i
Ž .Let B be a block of F S with p-content c , c , . . . , c and let Mn 0 1 py1
be an F S -module in B. Suppose that r is an integer. The r-restrictionn
M x r of M and the r-induction M › r of M may be described as follows.
Define r by r ’ r mod p and 0 F r F p y 1. If there is no block of
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Ž .F S with p-content c , . . . , c y 1, . . . , c then let M x r be theny1 0 r py1
zero F S -module. If there is a block BX of F S with p-contentny1 ny1
Ž .c , . . . , c y 1, . . . , c then define M x r to be the component of M, as0 r py1
an F S -module, which lies in BX. If there is no block of F S withny1 nq1
Ž .p-content c , . . . , c q 1, . . . , c then let M › r be the zero F S -0 r py1 nq1
X Žmodule. If there is a block B of F S with p-content c , . . . , c qnq1 0 r
.1, . . . , c then define M › r to be the component of M, induced topy1
F S , which lies in BX.nq1
The following proposition is well known.
2.1 PROPOSITION. Let l and m be partitions of n, let s be a partition of
n y 1, and let t be a partition of n q 1, with m, s , and t p-regular. Suppose
that r is an integer.
Ž . w l m xw m s x w l s x mi We ha¤e S : D D x r : D F S x r : D , and if D is the
l w m s xonly composition factor of S such that D x r : D / 0 then
l m m s l sw x w xS : D D x r : D s S x r : D .
Ž . w l m xw m t x w l t x mii We ha¤e S : D D › r : D F S › r : D , and if D is the
l w m t xonly composition factor of S such that D › r : D / 0 then
l m m t l tw x w xS : D D › r : D s S › r : D .
Proof. Let P denote the set of p-regular partitions of n. Thenn
l w l a x aS l S : D DÝ
agPn
and for each a g P we haven
a a b bD x r l D x r : D D .Ý
bgPny1
Therefore,
l s l a a sw x w xS x r : D s S : D D x r : D .Ý
agPn
Ž . Ž .Part i of the proposition follows from the last equality. Part ii is proved
in a similar way.
It is easy to describe Slx r in terms of Specht modules for F S ,ny1
w xsince the classical branching theorem 4, 9.2 shows that
Slx r l [ Sl_ A4 ,A
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where the sum is over the removable nodes A of l whose p-residue is
congruent to r modulo p. A similar remark applies to Sl› r. Repeated
application of r-restriction yields the next result.
2.2 PROPOSITION. Suppose that l is a partition of n and m and r are
integers with 0 F m F n. Let P be the set of partitions which are obtained
from l by remo¤ing consecuti¤ely m remo¤able nodes whose p-residue is
congruent to r modulo p. Then
Slx r x r ??? x r r-restricted m times l m![ Sv .Ž . v g P
Proof. This follows from the branching theorem, together with the
observation that removable nodes of l which have the same p-residues
may be removed from l in any order.
We now want to discuss Kleshchev’s branching theorems for D m. First,
we define normal nodes.
A node A of a partition n is normal if it is a removable node of n , and
for every addable node B for n which is above A and for which res B s
Ž .res A, there exists a removable node C B of n , in a row strictly between
Ž . Xthe rows of A and B, with res C B s res A, and B / B implies that
Ž . Ž X.C B / C B .
A normal node is good if it is the lowest normal node of a given
p-residue.
In practice, we refer to normal nodes and good nodes of n only if n is
p-regular.
2.3 PROPOSITION. Suppose that m is a p-regular partition and r is an
integer.
Ž .i If m G 1 and m has precisely m normal nodes whose p-residue is
 4congruent to r modulo p and B is the lowest of these, then m_ B is p-regular
and
m m _B4D x r : D s m.
Ž .ii If m has a unique normal node B whose p-residue is congruent to r
modulo p then
D mx r s D m_B4 .
Ž .iii If m has no normal node whose p-residue is congruent to r modulo
p then
D mx r s 0.
Ž .iv If B is a good node of m whose p-residue is congruent to r modulo
p then
m_B4 mD › r : D ) 0.
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Proof. The results in the proposition are special cases of Kleshchev’s
w x Ž .branching theorems 7, Sect. 4 . For part iv , note that Kleshchev has
proved that D mx r has a submodule isomorphic to D m_B4.
3. RESULTS ON DECOMPOSITION NUMBERS
We assume that n G 1 and p is a prime number. Our aim is to express
w l m xcertain p-modular decomposition numbers S : D of S in terms ofn
p-modular decomposition numbers for a symmetric group S X with nX - n.n
w l m xNote that we do not guarantee, thereby, to evaluate S : D .
Our first result is well known, but it allows us to set the scene.
3.1. PROPOSITION. Assume that l and m are partitions of n, with m
p-regular, and suppose that l has precisely k non-zero parts.
Ž . w l m xi If m 2u l then S : D s 0.y
Ž . w l m xii If m ) 0 then S : D s 0.kq1
Ž .iii If m s 0 and m ) 0 thenkq1 k
w l m x w Žl1y1 , . . . , lky1 . Ž m1y1 , . . . , m ky1 . xS : D s S : D .
Ž . w xProof. i See 4, 12.2 .
Ž . w l m xii If m ) 0 then m 2u l so S : D s 0.kq1 y
Ž . w xiii See 5, Theorem 6 .
Ž .In the light of Proposition 3.1 ii , we adopt the following notation.
3.2 Notation. Hereafter, l and m will be partitions of n, with m
p-regular. Let k be the number of non-zero parts of l; thus, l ) 0 andk
l s 0. Assume that m s 0.kq1 kq1
For 1 F i F k, let a s l q k y i and b s m q k y i.i i i i
Then a , a , . . . , a is a sequence of b-numbers for l and b , b , . . . , b1 2 k 1 2 k
w xis a sequence of b-numbers for m 6, 2.7.9 . By using b-numbers, the
Nakayama conjecture may be rephrased as follows.
Ž . l m3.3 The F S -modules S and D are in the same block if and only ifn
a , a , . . . , a are congruent, modulo p, to b , b , . . . , b in some order.1 2 k 1 2 k
Note the following.
Ž . Ž .3.4 Suppose that 1 F i F k. The p-residue of the node i, l of l isi
congruent, modulo p, to a y k, and if m ) 0 then the p-residue of the nodei i
Ž .i, m of m is congruent, modulo p, to b y k.i i
The next result translates a theorem of Erdmann into terms involving
b-numbers.
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3.5 PROPOSITION. Suppose that Sl and D m are in the same block.
w l m xAssume that b ’ ??? ’ b ’ 0 mod p. Then S : D can often be1 k
expressed as a decomposition number for a smaller symmetric group; for
example, this is so if k F p.
Proof. Since b ’ ??? ’ b ’ 0 mod p, we have m ’ i y k mod p for1 k i
1 F i F k, so there exist partitions k and mŽ0. such that
k s p y 1 k y 1, k y 2, . . . , 1, 0 and m s k q pmŽ0. .Ž . Ž .
Since Sl and D m are in the same block, we have a ’ ??? ’ a ’1 k
Ž . Ž0.0 mod p, by 3.3 . Hence, for some partition l we have
l s k q plŽ0. .
Ž0. w xIf m is p-regular then a theorem of Erdmann 1 gives
Ž0. Ž0.l m l mw xS : D s S : D .
Now assume that k F p and mŽ0. is not p-regular. Then k s p and the
Ž0. w l m xnon-zero parts of m are equal. Hence either l s m and S : D s 1 or
w l m xm 2u l and S : D s 0.y
3.6 THEOREM. Suppose that Sl and D m are in the same block.
Let y be an integer, with 1 F y F k.
Assume that if 1 F i F k and i / y then b k b mod p, and assume thati y
Ž .B s y, m is a normal node of m.y
Ž .Let x be the unique subscript such that a ’ b mod p and let A s x, l .x y x
Ž . w l m xi If A is not a remo¤able node of l then S : D s 0.
Ž . w l m x w l_ A4 m _B4xii If A is a remo¤able node of l then S : D s S : D .
l m Ž .Proof. Note that since S and D are in the same block, 3.3 implies
that the subscript x is, indeed, unique.
Define r by r ’ b y k mod p and 0 F r F p y 1.y
m m _B4 Ž . Ž .We have D x r s D by 3.4 and Proposition 2.3 ii .
Ž .i If A is not a removable node of l, then l has no removable
l w l m xnode of p-residue r, so S x r s 0. Hence S : D s 0 by Proposition
Ž .2.1 i .
Ž .ii Assume that A is a removable node of l.
Suppose that n is a p-regular partition of n, and Dn is a composition
factor of Sl and Dn x r has D m_B4 as a composition factor. By Proposi-
Ž .tion 2.3 iii , n has a normal node C, say, of p-residue r, and, by Proposi-
Ž . n n _C4  4  4tion 2.3 ii , we have D x r s D . Hence m_ B s n _ C .
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If C is above B then C is an addable node for m of p-residue r, and
hence B is not a normal node of m. This is a contradiction.
In a similar way, if B is above C then we obtain the contradiction that C
is not a normal node of n .
 4  4Thus, from the fact that m_ B s n _ C , we deduce that B s C and
n s m. Therefore, D m is the only possible composition factor Dn of Sl
such that Dn x r has D m_B4 as a composition factor. Hence we have
w l m x w l_ A4 m _B4x Ž .S : D s S : D , by Proposition 2.1 i .
3.7 COROLLARY. Assume that no two of b , . . . , b are congruent mod-1 k
w l m xulo p. Then either we can pro¤e that S : D s 0 or we can express
w l m xS : D as a decomposition number of S .ny1
Proof. Some node B of m is normal; for example, the highest remov-
able node of m is normal. We can now apply Theorem 3.6.
w x w l m xWe note that we can now retrieve the known values 2, 3 of S : D in
Ž .the case where k s 2, for we may assume that m s n , by Proposition
Ž .3.1 iii . Then we have b s 0, and we can apply Corollary 3.7 if b k2 1
0 mod p and Proposition 3.5 if b ’ 0 mod p.1
3.8 THEOREM. Suppose that Sl and D m are in the same block.
Assume that for some y with 1 F y F k we ha¤e that b k 0 mod p and fory
all i with 1 F i F k we ha¤e b q 1 k b mod p. Then either we can pro¤ei y
w l m x w l m xthat S : D s 0 or we can express S : D as a decomposition number of
Ž .S as in Eq. 3.9 below.ny1
Proof. Let j , . . . , j be the distinct integers such that1 m
b ’ b ’ ??? ’ b mod p.y j j1 m
Ž .Suppose that 1 F l F m. If j s k then b / 0, so j , m is a remov-l k l jl
able node of m. If j - k then b / b q 1, so m ) m and againl j j q1 j j q1l l l l
Ž . Ž .j , m is a removable node of m. Let B s j , m and define r byl j l l jl l
r ’ b y k mod p and 0 F r F p y 1. Then B is a removable node of m,y l
and r is the p-residue of B .l
From the hypothesis of the theorem we deduce that for 1 F i F k we
have
m q 1 y i s b q 1 y k k r mod p.i i
Thus, every addable node for m has p-residue different from r, so B is al
normal node of m.
We have now proved that m has exactly m normal nodes B , . . . , B of1 m
p-residue r.
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Similarly, l has exactly m removable nodes A , . . . , A of p-residue r.1 m
We claim that the following is true.
Ž .3.9 Let B be the lowest node of m whose p-residue is r. For all l with
1 F l F m we ha¤e
w l m x w l_ A l4 m _B4 xS : D s S : D .
Ž . w m m _B4xBy Proposition 2.3 i , we have D x r : D s m, and by Proposition
Ž .2.1 i we have
m
l m l_ A 4 m _B4lw x w xm S : D F S : D . 3.10Ž .Ý
ls1
Ž . Ž Ž . .Next, suppose that 1 F l F m and define f l by A s f l , l . Notel f Ž l .
that a y k ’ r mod p since A has p-residue r. Let C be a node whichf Ž l . l
 4is addable to l_ A . Then res C must be congruent, modulo p, to one ofl
a y k q 1, a y k q 1, . . . , a y k , . . . , a y k q 1, k .1 2 f Ž l . k
Since Sl and D m are in the same block, the hypothesis of the theorem
implies that just a y k in this list is congruent to r modulo p. There-f Ž l .
fore, Sl_ A l4› r s Sl.
Ž . Ž .By Propositions 2.3 iv and 2.1 ii , we have
l_ A 4 m _B4 l_ A 4 m _B4 m _B4 m l ml lw x w x w xS : D F S : D D › r : D F S : D .
Ž .Put this information with that contained in the inequality 3.10 to
obtain
m
l m l_ A 4 m _B4 l mlw x w x w xm S : D F S : D F m S : D .Ý
ls1
Since both these inequalities must be equalities, we deduce that for
1 F l F m we have
w l m x w l_ A l4 m _B4 xS : D s S : D ,
and this completes the proof of the theorem.
An application of Theorem 3.8 is the following.
3.11 THEOREM. Suppose that Sl and D m are in the same block.
Assume that l k 0, 1, . . . , k y 2 mod p. Then either we can pro¤e thatk
w l m x w l m xS : D s 0 or we can express S : D as a decomposition number of
S .ny1
Proof. Since Sl and D m are in the same block, b , . . . , b are congru-1 k
ent, modulo p, to a , . . . , a in some order.1 k
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Note that, since l k 0, 1, . . . , k y 2 mod p, we have k F p.k
If no two of a , . . . , a are congruent modulo p, then we may apply1 k
Corollary 3.7. Assume, therefore, that a , . . . , a cover at most k y 11 k
residues modulo p. Then among the k numbers
l , l y 1, . . . , l y k q 1,k k k
at least one must be different, modulo p, from every a . Hence we mayi
choose u with 0 F u F k y 2 such that for some y we have l y u ’k
a mod p and for all i we have l y u y 1 k a mod p.y k i
From the hypothesis of the theorem, a k 0 mod p; moreover, for all iy
we have a k a q 1 mod p. The result of the theorem now follows fromy i
Theorem 3.8.
Ž .3.12 COROLLARY. If l s l , l , l with l - p then all the decompo-1 2 3 3
w l m xsition numbers S : D can be determined.
wProof. If l s 0 or 1 then the decomposition numbers are given by 2,3
x w l m x3, 8 . In the other cases, we have k s 3 and l k 0, 1 mod p, so S : Dk
can be deduced, inductively, using Theorem 3.11.
We give explicit information about the case l s 1 of Corollary 3.12 in3
an appendix.
The last, and most difficult, theorem in this section will be used later, in
Proposition 4.13, to glean information on three-part partitions.
3.13 THEOREM. Suppose that Sl and D m are in the same block.
Assume that the following hold.
Ž .i For some i with 1 F i F k we ha¤e b ’ 1 mod p.i
Ž .ii There do not exist i and j with 1 F i - j F k and
b ’ 0 and b ’ 1 mod p.i j
Ž . Ž .iii For e¤ery i with 1 F i F k and b ’ 1 mod p, we ha¤e that i, mi i
is a remo¤able node of m.
Ž .Let B be the lowest node i, m of m such that b ’ 1 mod p.i i
If l has no remo¤able node of p-residue 1 y k then
w l m xS : D s 0.
If l has a remo¤able node A of p-residue 1 y k then
w l m x w l_ A4 m _B4 xS : D s S : D .
Ž .Proof. Note that Hypothesis iii implies that m ) 0.ky1
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Let j , j , . . . , j be the distinct integers such that1 2 m
b ’ b ’ ??? ’ b ’ 1 mod p.j j j1 2 m
Define r by 0 F r F p y 1 and r ’ 1 y k mod p.1 1 1
Ž .For 1 F l F m let B s j , m . Then B is a removable node of m byl l j ll
Ž .Hypothesis iii . Also, each B has p-residue r .l 1
 4Let m s m_ B , . . . , B . We claim the following.1 m
Ž . Ž .3.14 i If l does not ha¤e m remo¤able nodes whose p-residues are r1
w l m xthen S : D s 0.
Ž .ii If l has m remo¤able nodes A , A , . . . , A whose p-residues are1 2 m
l m l m 4 w x w xr then let l s l_ A , A , . . . , A . In this case, S : D s S : D .1 1 2 m
Ž .Note first that Hypothesis ii implies that B , B , . . . , B are normal1 2 m
nodes of m. Hence
m mD x r x r x ??? x r : D G m!1 1 1
Ž . mby Proposition 2.3 i , where we have r -restricted D , m times.1
If l does not have m removable nodes whose p-residues are r then Sl,1
w l m xr -restricted m times, equals zero. Hence S : D s 0 in this case.1
Assume now that l has m removable nodes whose p-residues are r . It1
follows that both l and m have precisely mX addable nodes of p-residue r ,1
where mX is the number of values of i between 1 and k such that
Žb ’ 0 mod p. Suppose, for example, that b ’ 0 mod p. Then i ) 1 andi i
Ž .m ) m , for otherwise the node i y 1, m of m would have p-residueiy1 i iy1
Ž .r and it would not be removable, contrary to Hypothesis iii . Thus1
Ž . .i, m q 1 is an addable node for m of p-residue r .i 1
Let mq be the partition of n q mX which is obtained from m by adding
the mX addable nodes of p-residue r , and let lq be the partition of1
n q mX which is obtained from l in a similar way. Since m ) 0, itky1
follows that each of mq and lq has precisely k non-zero parts.
Let my be the partition of n q mX y k which is obtained from mq by
reducing each non-zero part by 1 and let ly be the partition of n q mX y k
which is obtained from lq in a similar way.
Assume that 1 F j F p y 1. Define r by 0 F r F p y 1 and r ’ j yj j j
Ž q.k mod p. Let s be the number of nodes i, m whose p-residue is r .j i j
Ž X .Thus, for example, s s 0, s s m q m and s q ??? qs s k.0 1 1 py1
Ž q.Note that the s nodes i, m whose p-residue is r are removable from1 i 1
q Ž q.m . Suppose we remove them. Then the s nodes i, m whose p-residue2 i
Ž q. Ž q.is r can all be removed, since for such a node i, m , the node i q 1, m2 i i
Ž q.has p-residue r . Then the s nodes i, m whose p-residue is r can all1 3 i 3
be removed, and so on.
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We remove nodes from mq one at a time, first removing nodes whose
p-residue is r , working up from the lowest, then removing nodes whose1
p-residue is r , working up from the lowest, and so on, until we have2
removed s q ??? qs s k nodes, and have therefore reached my.1 py1
Assume that 1 F x F k. Write x s s q ??? qs q t where 0 F u F k1 u
and 0 F t F s . After x steps we obtain from mq a partition n Ž x ., anduq1
D m
qx r x r ??? x r s times ??? x r x r ???Ž .1 1 1 1 u u
x r s times x r x r x ??? x r t timesŽ . Ž .u u uq1 uq1 uq1
has Dn
Ž x .
as a composition factor with multiplicity at least
s !s ! ??? s !s s y 1 ??? s y t q 1Ž . Ž .1 2 u uq1 uq1 uq1
Ž .by Proposition 2.3 i .
Now consider restricting Sl
q
in the same way. We obtain
Sl
qx r x r ??? x r s times ??? x r x r ???Ž .1 1 1 1 u u
x r s times x r x r x ??? x r t timesŽ . Ž .u u uq1 uq1 uq1
l s !s ! ??? s !t!M ,1 2 u
where M is the sum over those Sv for which v is obtained from lq by
Ž q.removing all the nodes i, l whose p-residues are r , r , . . . , or r andi 1 2 u
precisely t nodes whose p-residues are r . Here, we have applieduq1
Proposition 2.2.
Ž .We deduce the following inequality from Proposition 2.1 i :
q q Ž x .l m nw xs s y 1 ??? s y t q 1 S : D F t! M : D 3.15Ž . Ž . Ž .uq1 uq1 uq1
Consider the situation where we have completed x steps in the above
argument. We have the partition n Ž x ., obtained from mq by removing
x s s q ??? qs q t nodes. Our next step involves removing one more1 u
node B, say, from n Ž x .. Suppose that B has p-residue q and n Ž x . has
precisely c nodes of p-residue q.
Suppose that v is one of the partitions which is obtained from lq by
removing x nodes of the appropriate p-residues. In proving the next
Ž .inequality like 3.15 , we apply the inequality
Ž x . Ž x .v n « n _B4c S : D F S : D , 3.16Ž .Ý
«
Ž .from Proposition 2.1 i , the sum being over all partitions « which are
obtained from v by removing a node of p-residue q. If the inequality in
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Ž .3.16 is strict, then after this step, and in all later steps, we obtain a strict
Ž .inequality like 3.15 ; then after the final step we have
w lq mqx w ly myxS : D - S : D ,
Ž .which contradicts Proposition 3.1 iii . Thus, we have
Ž x . Ž x .v n « n _B4c S : D s S : D . 3.17Ž .Ý
«
Ž x . Ž .Now start with v s l and n s m and iterate Eq. 3.17 for m steps to
obtain
l m l mw xm! S : D s m! S : D .
Ž .We have now completed the proof of Result 3.14 .
Finally, let B be the lowest of B , B , . . . , B . Then B is a good node of1 2 m
w m m _B4xm, and D x r : D s m. Hence, if l has no removable node of1
w l m xp-residue r , then S : D s 0.1
 4Suppose that l has a removable node A of p-residue r . If l_ A does1
not have m y 1 removable nodes whose p-residues are r then1
w l_ A4 m _B4 x w l m xS : D s 0 s S : D
Ž .  4by Result 3.14 i . If l_ A has m y 1 removable nodes whose p-residues
are r then1
l_ A4 m _B4 l m l mw x w xS : D s S : D s S : D
Ž .by Result 3.14 ii . This completes the proof of Theorem 3.13.
4. THREE-PART PARTITIONS
We now give some results which are specific to partitions with at most
three non-zero parts, so we shall record only the first three parts of each
Ž . Ž .partition the remaining parts being equal to zero . If n s n , n , n then1 2 3
n q 2, n q 1, n are the b-numbers for n .1 2 3
The main case where our results, so far, do not determine the decompo-
w Žl1, l2 , l3. m x Žsition number S : D is when b ’ 0, b ’ 1, and m s 0. Here,1 2 3
Ž .we cannot apply Theorem 3.6 with y s 2, since 2, m is not a normal2
node of m; nor can we apply Theorem 3.8 with y s 2, since b ’ b q2 1
.1 mod p. Our aim in this section is to deal, as best we can, with this case.
First, we give a lemma which we shall apply several times.
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Ž .4.1 LEMMA. Let a be an integer and let n s n , n , n be a p-regular1 2 3
partition.
Ž .i If the b-numbers for n are congruent, modulo p, to a, a q 1, a q 1,
then
Dn x a y 2 s DŽn 1 , n 2 , n 3y1 . if n ) 0;Ž . 3
0 if n s 0.3
Ž .ii If the b-numbers for n are congruent, modulo p, to a q 1, a, a q 1,
then
Dn x a y 2 s DŽn 1y1 , n 2 , n 3. if n ) n ;Ž . 1 2
DŽn 1 , n 2 , n 3y1 . if n s n and n ) 0;1 2 3
0 otherwise.
Ž .iii If the b-numbers for n are congruent, modulo p, to a q 1, a q 1, a
and n s n , then2 3
Dn x a y 2 s DŽn 1y1 , n 2 , n 3. .Ž .
Proof. All parts of the lemma follow from Proposition 2.3.
Ž . Ž .4.2 PROPOSITION. Suppose that s s s , s , s and t s t , t , t are1 2 3 1 2 3
partitions of n y 1 with
s q 2 ’ s q 1 ’ s ’ t q 2 ’ t q 1 ’ t ’ 0 mod p.1 2 3 1 2 3
Let
s Ž1. s s q 1, s , s s Ž12. s s q 1, s q 1, sŽ . Ž .1 2 3 1 2 3
s Ž2. s s , s q 1, s s Ž13. s s q 1, s , s q 1Ž . Ž .1 2 3 1 2 3
s Ž3. s s , s , s q 1 s Ž23. s s , s q 1, s q 1Ž . Ž .1 2 3 1 2 3
r s t , t q 1, t x s t , t q 1, t q 1Ž . Ž .1 2 3 1 2 3
Žand assume that r and x are p-regular. This will certainly be the case if
.p / 2.
Then
Ž . w s Ž2. r x w s Ž1. r x w s Ž23. x x w s Ž13. x xi S : D s S : D q S : D y S : D , and
Ž . w s Ž3. r x w s Ž2. r x w s Ž13. x x w s Ž12. x xii S : D s S : D q S : D y S : D .
Ž .Proof. Let P be the set of partitions n s n , n , n of n q 1 such1 2 3
that n ) n and n q 2 ’ 1 and n q 1 ’ 1 and n ’ 0 mod p.2 3 1 2 3
JAMES AND WILLIAMS132
Ž .If n g P then n , n , n q 1 is a p-regular partition, and by Theorem1 2 3
3.8 with y s 3 we have
Ž12. Ž13.Žs q1, s q1, s q1. Žn , n , n q1. s n s n1 2 3 1 2 3w xS : D s S : D s S : D
Ž23.s ns S : D . 4.3Ž .
w s Ž12. n x n Ž . Ž . Ž . Ž .4Let M s Ý S : D D and let i, j g 1, 2 , 1, 3 , 2, 3 .n g P
Ž .By Eq. 4.3 we have
Ž i j.s n nM s S : D D .Ý
ngP
Ž .Now suppose that n s n , n , n is a p-regular partition with the same1 2 3
p-content as s Ž i j. and n f P. Then Lemma 4.1, with a s 0, shows that
n Ž . r w n Ž . r xD x y2 s D if n s x and D x y2 : D s 0, otherwise.
Applying this information, we see that
Ž i j. Ž i j.s s x xS l M q S : D D
q factors which do not y2 -restrict to contain D r ,Ž .Ž .
so
Ž i j. Ž i j.s s x rS x y2 l M x y2 q S : D DŽ . Ž .
q factors different from D r .Ž .
Therefore,
Ž i. Ž j. Ž i j.s s r r s xS q S : D s M x y2 : D q S : D .Ž .
Ž . Ž . Ž . Ž .From these three equations, for i, j s 1, 2 , 1, 3 , and 2, 3 , we
w Ž . r xeliminate M x y2 : D to obtain the two equations in the statement of
the proposition.
As a prototype of the next theorem, we give first an application of
Proposition 4.2.
Ž . Ž .4.4 COROLLARY. Suppose that l s l , l , 1 and m s m , m , 0 with1 2 1 2
m ) 0 and that Sl and D m are in the same block.2
Assume that b ’ 0 and b ’ 1 mod p. Then1 2
l m l Ž m y1, m .1 2w xS : D s S x y3 : D .Ž .
Proof. Since Sl and D m are in the same block and l s 1 and m s 0,3 3
we have a ’ a ’ 0 mod p and a ’ 1 mod p.1 2 3
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If l s 1 then p s 2 and the result of the corollary can be checked2
directly, so assume that l ) 1. Note, too, that the conditions on the2
Ž .b-numbers ensure that l ) l and that m y 1, m is a p-regular1 2 1 2
partition.
Ž . Ž .Put s s l , l , 0 and t s m , m y 1, 0 in Proposition 4.2. The sec-1 2 1 2
ond conclusion of that proposition gives
w l m x w Žl1 , l2q1 , 0. Ž m1 , m 2 , 0. x w Žl1q1 , l2 , 1. Ž m1 , m 2 , 1. xS : D s S : D q S : D
w Žl1q1 , l2q1 , 0. Ž m1 , m 2 , 1. xy S : D
which, by Proposition 3.1, yields
w l m x w Žl1y1 , l2 , 0. Ž m1y1 , m 2y1 , 0. xS : D s S : D
w Žl1 , l2y1 , 0. Ž m1y1 , m 2y1 , 0. xq S : D .
Ž .The b-numbers for m y 1, m , 0 are y1, 1, 0, so we may apply Theo-1 2
rem 3.13 to obtain from the last equation
w l m x w Žl1y1 , l2 , 1. Ž m1y1 , m 2 , 0. x w Žl1 , l2y1 , 1. Ž m1y1 , m 2 , 0. xS : D s S : D q S : D
l Ž m y1, m .1 2s S x y3 : D ,Ž .
as required.
The main result of this section is the following.
4.5 THEOREM. Suppose that Sl and D m are in the same block.
Ž . Ž .Assume that l s l , l , l and l ) 0 and m s m , m , 0 with the1 2 3 3 1 2
conditions that m ) 0 and m y m / p y 2.2 1 2
ŽAssume also that b ’ 0 and b ’ 1 mod p so that, in particular, the1 2
Ž . .partition m y 1, m is p-regular . Then1 2
l m l Ž m y1, m .1 2w xS : D s S x y3 : D .Ž .
Our proof of Theorem 4.5 uses a delicate induction argument and the
following lemma sets up the appropriate machinery.
4.6 LEMMA. Suppose that a, b, c, t are integers with
0 F a, 1 F b , 0 F c, 1 F t F p y 1
and that
s s s , s , s , t s t , t , t , r s r , r , 0Ž . Ž . Ž .1 2 3 1 2 3 1 2
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are partitions of an integer nX with
s s ap q t , t s cp q t y 1, t s ap q p ,3 2 3
r s bp q t y 1 and r ) bp q p y 12 1
and
s q 2 ’ t q 2 ’ r q 2 ’ s q 1 ’ 0 mod p.1 1 1 2
r Ž . Ž r1y1 , r 2 .Then D x y3 s D and
Ž . w s r x w s Ž . r Ž .xi S : D s S x y3 : D x y3 , and
Ž . w t r x w t Ž . r Ž .xii S : D s S x y3 : D x y3 .
Proof. In the proof of this lemma, we proceed with caution, in case
some of our partitions have two parts which are equal.
Ž . Ž .We have r ) r q 1. Also, 1, r and 2, r have p-residues congru-1 2 1 2
ent to y3 and t y 3, respectively. Since t / 0, we have
D r x y3 s DŽ r1y1 , r 2 , 0. .Ž .
Ž .Note that r y 1, r y 1, 0 has b-numbers congruent to y1, t y1 2
1, 0 mod p. Therefore, we have the following, by Theorem 3.6 with y s 1.
Ž . w Žs1, s 2y1 , s 3y1 . Ž r1y1 , r 2y1 , 0.x4.7 If s s s then S : D s 0.2 3
Note that s G s q 1 since s ’ y2 and s ’ y1 mod p. Hence we1 2 1 2
have
Ss x y3 s S Žs1y1 , s 2 , s 3. q S Žs1 , s 2y1 , s 3. if s ) sŽ . 2 3
and
Ss x y3 s S Žs1y1 , s 2 , s 3. if s s s .Ž . 2 3
Ž .Since r y 1, r , 0 has b-numbers congruent to y1, t, 0 mod p, we have1 2
w Žs1y1 , s 2 , s 3. Ž r1y1 , r 2 , 0. x w Žs1y1 , s 2 , s 3y1 . Ž r1y1 , r 2y1 , 0. xS : D s S : D ;
this follows from Theorem 3.6 if t / p y 1, from Theorem 3.8 if t s p y 1
and p / 2, and from Theorem 3.13 if p s 2. In a similar way, if s ) s2 3
then
w Žs1 , s 2y1 , s 3. Ž r1y1 , r 2 , 0. x w Žs1 , s 2y1 , s 3y1 . Ž r1y1 , r 2y1 , 0. xS : D s S : D .
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Hence, using Result 4.7, we see that, whether or not s ) s , we have the2 3
following:
s rS x y3 : D x y3Ž . Ž .
w Žs1y1 , s 2 , s 3y1 . Žs1 , s 2y1 , s 3y1 . Ž r1y1 , r 2y1 , 0. xs S q S : D . 4.8Ž .
Ž .Note that r y 1, bp y 1, 0 has b-numbers congruent to y1, 0,1
0 mod p and r ) bp. Therefore, we have the following, by Theorem 3.61
with y s 1.
Ž . w Žs1y1 , s 2 , a p. Ž r1y1 , b py1, 0.x4.9 If s y 1 s s then S : D s 0.1 2
Ž . Ž .Our proof of results i and ii in the statement of the lemma will be by
induction. The inductive assumption which we shall use is a case of part
Ž .ii ; namely, if a ) 0 then
w Žs1 , s 2q1 , a p. Ž r1 , b p , 0. xS : D
w Žs1y1 , s 2q1 , a p. Žs1 , s 2q1 , a py1. Ž r1y1 , b p , 0. xs S q S : D
if s G s q 21 2
and
w Žs1 , s 2q1 , a p. Ž r1 , b p , 0. x w Žs1 , s 2q1 , a py1. Ž r1y1 , b p , 0. xS : D s S : D
if s s s q 1.1 2
Ž .Since r y 1, bp, 0 has b-numbers congruent to y1, 1, 0 mod p this1
assumption and Theorem 3.6 with y s 2 and Result 4.9 imply the follow-
ing.
Ž .4.10 If a ) 0 then
w Žs1 , s 2q1 , a p. Ž r1 , b p , 0. xS : D
w Žs1y1 , s 2 , a p. Žs1 , s 2 , a py1. Ž r1y1 , b py1, 0. xs S q S : D .
Ž .Now, Proposition 4.2 ii gives
w Žs1 , s 2 , a pq1. Ž r1 , b p , 0. xS : D s X q Y y Z,
where
w Žs1 , s 2q1 , a p. Ž r1 , b p , 0. xX s S : D
w Žs1q1 , s 2 , a pq1. Ž r1 , b p , 1. xY s S : D
w Žs1q1 , s 2q1 , a p. Ž r1 , b p , 1. xZ s S : D .
We have
w Žs1y1 , s 2 , 0. Ž r1y1 , b py1, 0. xX s S : D if a s 0, by Proposition 3.1 iii ,Ž .
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and
w Žs1y1 , s 2 , a p. Žs1 , s 2 , a py1. Ž r1y1 , b py1, 0. xX s S q S : D
if a ) 0, by Result 4.10.
Also,
w Žs1 , s 2y1 , a p. Ž r1y1 , b py1, 0. xY s S : D , by Proposition 3.1 iii .Ž .
Also,
Z s 0 if a s 0, by Proposition 3.1 iiŽ .
and
w Žs1 , s 2 , a py1. Ž r1y1 , b py1, 0. xZ s S : D if a ) 0, by Proposition 3.1 iii .Ž .
Therefore,
w Žs1 , s 2 , a pq1. Ž r1 , b p , 0. xS : D
s X q Y y Z
w Žs1y1 , s 2 , a p. Žs1 , s 2y1 , a p. Ž r1y1 , b py1, 0. xs S q S : D . 4.11Ž .
Ž .The b-numbers for r s r , bp q t y 1, 0 are congruent to 0, t, 0 mod p,1
so repeated applications of Theorem 3.6 with y s 2 give
w s r x w Žs1 , s 2 , a pq1. Ž r1 , b p , 0. xS : D s S : D .
Ž .The b-numbers for r y 1, r y 1, 0 are congruent to y1, t y1 2
1, 0 mod p, so repeated applications of Theorem 3.6 with y s 2 followed
by an application of Theorem 3.13 gives
w Žs1y1 , s 2 , s 3y1 . Ž r1y1 , r 2y1 , 0. x w Žs1y1 , s 2 , a p. Ž r1y1 , b py1, 0. xS : D s S : D
and
w Žs1 , s 2y1 , s 3y1 . Ž r1y1 , r 2y1 , 0. x w Žs1 , s 2y1 , a p. Ž r1y1 , b py1, 0. xS : D s S : D .
Ž . Ž .Therefore, by combining Eqs. 4.8 and 4.11 , we obtain
s r s rw xS : D s S x y3 : D x y3 .Ž . Ž .
Ž .This completes the proof of part i of the lemma.
Ž .We now turn our attention to result ii in the statement of the lemma.
q Ž . XLet t s t , t q p y 1 y t, t , which is a partition of n q p y 1 y t.1 2 3
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Ž . nSuppose that n s n , n , n is a p-regular partition and that D is a1 2 3
composition factor of St
q
. Then the b-numbers for n are congruent,
modulo p, to y1, 0, 0 in some order.
Suppose that the b-numbers for n are congruent, modulo p, to 0, 0, y1.
Then note that n F ap q p y 1 since n 2 tq. By the first part of the3 y
lemma, which we have already proved,
n Ž r , b pqpy2, 0. n Ž r y1, b pqpy2, 0.1 1w xS : D s S x y3 : D ,Ž .
n Ž . Ž r1y1 , b pqpy2, 0.and hence D x y3 does not have D as a composition
factor.
Ž . Ž . Ž .Next, apply Lemma 4.1 i and ii to deduce that n s r , bp q p y 2, 01
n tq Ž .gives the only possible composition factor D of S which y3 -restricts
to have DŽ r1y1 , b pqpy2, 0. as a composition factor. Hence
q qt Ž r , b pqpy2, 0. t Ž r y1, b pqpy2, 0.1 1w xS : D s S x y3 : D .Ž .
But, by Theorem 3.6, with y s 2, applied repeatedly, we have
w tq Ž r1 , b pqpy2, 0. x w t r xS : D s S : D .
Therefore,
qt r t Ž r y1, b pqpy2, 0.1w xS : D s S x y3 : D . 4.12Ž . Ž .
Ž .This proves result ii of the lemma in the case where t s p y 1, and, in
particular, in the case where p s 2. Assume, therefore, that p ) 2 and
t - p y 1.
Suppose, for the moment, that t ) t q p y 1 y t. Then1 2
St
qx y3 s S Žt 1y1 , t 2qp y1yt , t 3. q S Žt 1 , t 2qp y1yt , t 3y1 .Ž .
s S Žt 1y1 , c pqpy2, t 3. q S Žt 1 , c pqpy2, t 3y1 .
and
qt Ž r y1, b pqpy2, 0.1S x y3 : DŽ .
w Žt 1y1 , c pqty1, t 3. Žt 1 , c pqty1, t 3y1 . Ž r1y1 , b pqty1, 0. xs S q S : D
by Theorem 3.8, with y s 2, applied repeatedly.
Ž .Using Eq. 4.12 , we obtain
t r t rw xS : D s S x y3 : D x y3 ,Ž . Ž .
Ž .and result ii of the lemma is proved in this case.
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Finally, assume that t s t q p y 1 y t s cp q p y 2. Then1 2
St
qx y3 s S Žt 1 , c pqpy2, t 3y1 .Ž .
so
qt Ž r y1, b pqpy2, 0. Žt , c pqpy2, t y1. Ž r y1, b pqpy2, 0.1 1 3 1w xS x y3 : D s S : DŽ .
w Žt 1 , c pqpy3, t 3y1 . Ž r1y1 , b pqpy3, 0. xs S : D
by Theorem 3.8 with y s 2.
Next, note that r y 1 ) bp q p y 2 and1
DŽ r1y1 , b pqpy3, 0.x y4 s DŽ r1y2 , b pqpy3, 0.Ž .
while
S Žt 1y1 , c pqpy3, t 3.x y4 s 0, since t y 1 s cp q p y 3.Ž . 1
Hence
w Žt 1y1 , c pqpy3, t 3. Ž r1y1 , b pqpy3, 0. xS : D s 0.
Therefore,
qt Ž r y1, b pqpy2, 0.1S x y3 : DŽ .
w Žt 1y1 , c pqpy3, t 3. Žt 1 , c pqpy3, t 3y1 . Ž r1y1 , b pqpy3, 0. xs S q S : D .
Ž .Now apply Eq. 4.12 and Theorem 3.8 with y s 2, repeatedly, to deduce
that
w t r x w Žt 1y1 , c pqpy3, t 3. Žt 1 , c pqpy3, t 3y1 . Ž r1y1 , b pqpy3, 0. xS : D s S q S : D
w Žt 1y1 , c pqty1, t 3. Žt 1 , c pqty1, t 3y1 . Ž r1y1 , b pqty1, 0. xs S q S : D
t rs S x y3 : D x y3 ,Ž . Ž .
Ž .and result ii of the lemma is proved in this final case.
Proof of Theorem 4.5. We shall apply Lemma 4.6 with r s m and
t s 1.
Since b ’ 1 mod p and m ) 0 we can write m s bp with 1 F b. Also,2 2 2
m ’ y2 and m ’ 0 mod p and m y m / p y 2, so m ) m q p y 11 2 1 2 1 2
s bp q p y 1.
Since b s 0, we must have a , a , a congruent, modulo p, to 0, 0, 1 in3 1 2 3
some order.
Ž .If a ’ a ’ 0 and a ’ 1 mod p, then we apply Lemma 4.6 i with1 2 3
s s l, to deduce the result of the theorem.
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Ž .If a ’ a ’ 0 and a ’ 1 mod p, then we apply Lemma 4.6 ii with1 3 2
t s l, to deduce the result of the theorem.
Suppose, now, that a ’ 1 and a ’ a ’ 0 mod p. We cannot apply1 2 3
Proposition 4.2, in case l s l , so we adopt a roundabout approach.1 2
By Theorem 3.8, we have
w l m x w Žl1qp y2, l2 , l3. Ž m1 , m 2qp y2, 0. xS : D s S : D .
Ž . nSuppose that n s n , n , n is a p-regular partition and that D is a1 2 3
composition factor of S Žl1qp y2, l2 , l3.. Then the b-numbers for n are
congruent, modulo p, to y1, 0, 0 in some order.
If the b-numbers for n are congruent, modulo p, to 0, 0, y1 then
n Ž . Ž m1y1 , m 2qp y2, 0.D x y3 does not have D as a composition factor, by
Ž .Lemma 4.6 i .
Ž . Ž . Ž .Next, apply Lemma 4.1 i and ii to deduce that n s m , m q p y 2, 01 2
gives the only possible composition factor Dn of S Žl1qp y2, l2 , l3. which
Ž . Ž m1y1 , m 2qp y2, 0.y3 -restricts to have D as a composition factor. Hence
w Žl1qp y2, l2 , l3. Ž m1 , m 2qp y2, 0. xS : D
w Žl1qp y2, l2y1 , l3. Žl1qp y2, l2 , l3y1 . Ž m1y1 , m 2qp y2, 0. xs S q S : D
which, in turn, equals
w Žl1 , l2y1 , l3. Žl1 , l2 , l3y1 . Ž m1y1 , m 2 , 0. xS q S : D
by Theorem 3.8. Therefore,
l m l mw xS : D s S x y3 : D x y3 ,Ž . Ž .
as required.
In conclusion, we summarize our information on three-part partitions in
the following proposition.
4.13 PROPOSITION. The problem of e¤aluating the decomposition numbers
w l m xS : D when l has precisely three non-zero parts can be reduced, by
induction, to the problem of e¤aluating the decomposition numbers in the
following cases.
Ž . Ž .i n ’ y1 mod p and m s n, 0, 0 ;
Ž . Ž .ii n ’ y2 mod p and m s m , m , 0 where m s m , or m s 0,1 2 1 2 2
or m ’ 0 mod p and m y m s p y 2.2 1 2
Ž . Ž .iii p s 2, n is odd, say n s 2 l q 1, and m s l q 1, l .
Proof. Recall that b s m q 3 y i for 1 F i F 3.i i
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w l m xWe can determine S : D from knowledge of decomposition numbers
for smaller symmetric groups, in the following cases.
Ž .a If some b k 0, 1 mod p, by Corollary 3.7 and Theorem 3.8;i
Ž . Ž .b if b / 0, by Proposition 3.1 iii ;3
Ž .c if b ’ 1, b ’ 0 mod p and b s 0, by Theorem 3.13, unless1 2 3
m s m ; if m s m then n ’ y2 mod p;1 2 1 2
Ž .d if b ’ 1, b ’ 1 mod p and b s 0, by Theorem 3.13, unless1 2 3
m s 0; if m s 0 then n ’ y1 mod p;2 2
Ž .e if b ’ 0, b ’ 1 mod p and b s 0, by Theorem 4.5, unless1 2 3
m s 0 or m y m s p y 2; if m s 0 or m y m s p y 2 then n ’2 1 2 2 1 2
y2 mod p;
Ž .f if b ’ 0, b ’ 0 mod p and b s 0, by Proposition 3.5, unless1 2 3
p s 2 and mŽ0. in the proof of Proposition 3.5 is 2-singular; this excep-
Ž .tional case is covered by part iii of the statement of Proposition 4.13.
APPENDIX
w l m x Ž .The decomposition numbers S : D where l s l , l , 1 are given,1 2
w x w xfor the prime 2, in 2 . However, the source 8 of the results for the
general prime is not readily available, so we reproduce here the relevant
theorem, due to To Law.
w Žl1, l2 , 1. Žn.xThe decomposition number S : D is the most difficult one to
calculate. Note that, once its value is known, the results of this paper
w Žl1, l2 , 1. Ž m1, m 2 , m 3.x Ždetermine inductively S : D when m ) 0. See Corollary2
4.4 and Proposition 4.13. There is no difficulty with the case where
Ž . Ž .m s m , since m , m 2 l , l , 1 only if m s l , and we have1 2 1 2 1 2 1 1y
w Žl1, l2 , 1. Žl1, l2q1 .x w Žl2 , 1. Žl2q1 .x w x .S : D s S : D , by 5, Theorem 5 .
w x Ž .We adopt from 4, 24.14 the notation that f a, b s 1 if a q 1 containsp
Ž . w xb to base p, and f a, b s 0, otherwise. Recall 4, 24.15 thatp
w Žl1 , l2 . Ž m1 , m 2 . xS : D s f m y m , l y m .Ž .p 1 2 2 2
w x Ž . Ž .THEOREM 8 . Assume that l s l , l , 1 and m s m , m , m are1 2 1 2 3
partitions of n, with m p-regular.
Ž . w l m xi If m ) 1 then S : D s 0.3
Ž .ii If m s 1 then3
w l m x w Žl1y1 , l2y1 . Ž m1y1 , m 2y1 .x Ž .S : D s S : D s f m y m , l y m .p 1 2 2 2
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Ž . w l m xiii If m s 0 and m ) 0 then S : D is gi¤en as follows.3 2
w l m x Ž .S : D s f m y m , l y m if l q 2 ’ 0 and l q 1 kp 1 2 2 2 1 2
0 mod p;
w l m x Ž .S : D s f m y m , l y m q 1 if l q 2 k 0 and l q 1 ’p 1 2 2 2 1 2
0 mod p;
w l m x Ž . Ž .S : D s f m y m , l y m q f m y m , l y m q 1 ifp 1 2 2 2 p 1 2 2 2
l q 2 ’ 0 and l q 1 ’ 0 mod p and m ’ 0 mod p;1 2 2
w l m x Ž . Ž .S : D s f m y m , l y m s f m y m , l y m q 1 ifp 1 2 2 2 p 1 2 2 2
l q 2 ’ 0 and l q 1 ’ 0 mod p and m k 0 mod p;1 2 2
w l m xS : D s 0, otherwise.
Ž . Ž . w l m x w l Žn.xiv If m s n then the decomposition number S : D s S : D
may be determined using the following information, which gi¤es the composi-
tion multiplicity m of DŽn. in DŽnyjy1, j., induced from S .j ny1
m s 4 if there exist integers c ) 0 and ¤ ) 0 with j s p¤ y 1 andj
n y j s cp¤q1 q p¤ y 1.
Ž . Žm s 2 if j s 0 and n y j ’ 0 mod p or there exist integers c ) 0 andj
¤ ¤ . Ž¤ ) 0 with c k 1 mod p and j s p y 1 and n y j s cp y 1 or there exist
integers c, u, ¤ , k with c ) 0 and ¤ ) 0 and 1 F u F p y 1 and y1 F k F
¤ ¤ ¤q1 .p y 2 with j s up y 1 and n y j s cp q k .
Ž . Žm s 1 if j s 0 and n y j k 0 mod p or 1 F j F p y 2 and n y j ’j
.y1 mod p .
m s 0, otherwise.j
Ž . Žl1, l2 .To apply the information in part iv , note that S , induced from S ny1
to S , has the same composition factors asn
Sl q S Žl1q1 , l2 . q S Žl1 , l2q1 .
and all the composition factors of S Žl1, l2 ., S Žl1q1 , l2 ., and S Žl1, l2q1 . are
known. Thus
l2
l Žn.w xS : D s m f n y 1 y 2 j, l y jŽ .Ý j p 2ž /js0
y f n , l y f n , l q 1 .Ž . Ž .p 2 p 2
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